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It is shown that regression, optimal policy, and boundary value problems involving
differential equations are mathematically equivalent and that the latter two are best
solved numerically as regression problems by means of transformations. This technique
results in a more efficient calculational procedure than is currently available. A statistical
analysis is also presented which serves as a tool in deciding the appropriateness of a
proposed model.

INTRODUCTION

Three problems that are commonly encountered in engineering analysis are
regression, optimal policy, and boundary value problems involving differential
equations. In regression problems, the values of parameters in a set of differential
equations are to be estimated from experimental data. In optimal policy problems,
a given quantity is to be optimized by determining the control variables where this
quantity also depends on variables defined by a set of differential equations. In
boundary value problems, a set of differential equations is to be solved subject
to specification of the dependent variables at various values of the independent
variable. In general, the solution of these problems requires numerical techniques.
In this paper, it is shown that these three problems are mathematically equivalent
and that the latter two can be formulated as a regression problem which can be
solved by a more efficient numerical technique than is currently used. A statistical
analysis is also presented which aids in deciding whether a given set of differential
equations and its parameters constitute an appropriate model with respect to the
data.

FORMULATION OF THE REGRESSION PROBLEM
It is assumed that the physical system is described by a set of first-order nonlinear
ordinary differential equations of the form

dY,
dr

= fil(Yi, Yo,ts Y, by ko s, ka7, i=1,2,..,N, (nH
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subject to the initial conditions
Y,(0) = Yy, i=1,2,.,N, )

where Y;, Y, ,..., Y» = the dependent variables; + = the independent variable;
fi,J2 5o fn = arbitrary functions, k, , k, ,..., ks = parameters characteristic of
the system.

Since an nth-order differential equation can be reduced to a system of » first~order
equations, this formulation is completely general.

The problem is to estimate the values of the parameters k, , k, ,..., k) from data
on the system which give the values of Y;, Y,,..., Yy at various values of
T(TY 5 To seeey Tjgeers -rND) when the set of differential equations and initial conditions
are known. The criterion for selecting the values of these parameters is that the
weighted sum of the square of the difference between the data values, Y,P(r;),
and the corresponding computed values, Y;(7;),

Np N
§% = Z Z wii[YiD(TJ') - Yi(kl E k2 9emry kM ’ Tj)]z’ (3)
j=1 i=1
is a minimum. w,; is the weighting factor associated with the data point Y,2(r;)
and is usually taken as the reciprocal of the variance of that point.
A necessary condition for S% to be a minimum is that its derivatives with respect
tok,, ks ..., ky are all zero, which requires

282 Yo ¥
ok = —2 Z Z Ww‘[YfD(TJ’) — Yiky, kg peees kg5 75)]
4 j=1i=1

. aer(kl > kz 3eery kM > Tj) .
ok, =

0, 1=1,2.., M ©)

The term 6Y;/0k, may be evaluated by noting that

o (o) = () = ®

which upon integration with respect to r gives

Tj _ T af‘z

—==dr,
o o Yk

ok,

or since (0Y;/0k))|,_o = O,

oYi(ky, koyos ko, 75) _ i 6f,-(Y1 s Yosuuy Yo, k1 s k2 yeees Kpg 5 7)
ok, = f ok, dr. (6)

0
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328 WNEK AND HAAS

This eliminates the need to integrate the differential equations with each parameter
slightly perturbed in turn in order to calculate these derivatives as done by other
investigators [1]. This result has also been noted by Snow [15] and Eakman [4].
It should be pointed out that &f;/ék, is defined as

(= o) * X SO

)yi,kjﬁkl j=1 YiFY 5.y (

so that according to Eq. (5) the df;/0k,’s are given by a set of ordinary differential
equations which could be solved along with Eq. (1); however, as indicated by
Eakman [4], the summation term represents second-order effects. Since very
accurate values of 8f;/ok, are not required in the iteration scheme, the summation
term may be neglected, and Eq. (6) integrated by a simple technique such as Euler’s
method.

If the set of differential equations could be integrated analytically, the expressions
for the Y;’s could be substituted into Eq. (4) to give rise to M nonlinear algebraic
equations to be solved for the parameters k, , k, ..., k; . This would then be a
standard problem in regression analysis; however, such solutions are generally
not available so that the solution of the differential equations must be obtained
numerically. This means that a solution for arbitrary values of the parameters
cannot be obtained, but only for specific values. Therefore, a procedure is needed
which can generate improved values of the parameters from information obtained
for an incorrect set of values.

This can be accomplished as follows. The dependent variables Y, are approxi-
mated by a Taylor series expansion about the incorrect set k,°, k.°,..., k® with
only terms no higher than first order retained [2].

Yi(kl ] k2 3eeey kM > T)

M (k.0 .0 0
~ Yk, ks kn® D) = Y (kn — k) oYi(k, k;];h, ku®, 7) . ®
hol

Substituting Eq. (8) into Eq. (4) for Yi(ky, ks »..., kas» 75) gives

4 Yi(kloi k205"', kMO, T.’f) ]

R 8),i(klo’ kzo,---» kMos TJ') _
ok, -

0, I=1,2..,M, ©9)
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where

8),'i(kloa kzo,---, kMos Ti) _ frj af;(Yl » Y2 9recy YN ’ kIO; k207~"’ kMo, T) d‘r
ok, A ok, )

Rewriting Eq. (9) as
M
Bl = Z Oy Akh , = 1, 2,..., M, (10)
h=1
where

ND N
Bi=Y ¥ wilY;P(z)) — Yi(ks® kolsees knd®, 7))

3=1 =1
. 3Yi(k10, kzoa---, kM09 TJ') —_ — 128—2
akL - 2 akl i ’
No N oYk, kD, ka7
oy = Z z ”)ﬁ ( 1 28k M J)
j=1 i=1 h

. aYi(kIO, k209"~, kMos Tj)
ok, ;

Aky = kp — kn®,

one sees that a set of M linear algebraic equations in unknowns k, , k, ,..., kp; 18
obtained. Thus, the solution of Eq. (10) allows improved values of the parameters
to be determined from calculations based on an incorrect set of values. Because
of the first-order expansion assumption, the first correction based on an initial
guess of the parameters in general will not be sufficiently accurate that several
iterations of this type will be required where the improved set is in turn treated
as the incorrect set in order to generate a better set. This method is known as the
Newton-Raphson technique.

One disadvantage of this method is that while it converges quite rapidly in the
vicinity of the correct set of values, it converges slowly and even diverges otherwise.
In order to circumvent this problem, a grid or gradient search method which
converges rapidly from afar, but not in the immediate neighborhood of the solution,
can be used in conjunction with the Newton-Raphson method. An excellent
algorithm which combines the best features of the gradient search and Newton—
Raphson methods has been given by Marquardt [13, 2]. It consists of modifying
Eq. 10 to read

M

Bi=3 apdly, I=1,2.,M, (11

h=1
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where

a, _ sam(l ‘+‘ A), fOI' h = [,
M oy, for h £ 1

For very small values of A, Eq. (11) is identical with the Newton—Raphson method;
on the other hand, for very large values the «; terms are dominate so that the
uncoupled equations

/3[ Y ACX”AkL 5 l = 1, 2,..., M, (12)

are obtained. Thus, as in the gradient search, steps are taken in the direction of the
gradient of S? with respect to the parameters since B is proportional to 85%/ok.
That convergence is assured by this algorithm is shown as follows. A small initial
value of A such as 0.001 is selected. If the improved set of parameters increases S2,
this means that the Newton—-Raphson method diverged because one is far from
the correct solution. As a resuit, A is increased (for example, by a factor of 10)
in order to weight the gradient method more heavily. If $? decreases, this means
that the solution is being approached, so that A is decreased (for example, by a
factor of 10) in order to weight the Newton-Raphson method more heavily. Thus,
in this way, convergence can be assured.

CONVERSION OF A BOUNDARY VALUE PROBLEM INTO A REGRESSION PROBLEM

Consider the boundary value problem as defined by the set of ordinary differential
equations

Z'ZT' =ft'(zl 5 Zg 5 ZN 7), i=1,2,..,N, (13)

subject to the boundary conditions that the value of z; is specified at » = 7, ,
zi(Ti) = in ’ l = 1) 2’"', N’ (14)

where z; is the ith dependent variable.
This problem can also be formulated as Eq. (13) subject to the unknown initial
conditions at r = 0,

z0) =k;, i=12..,N, (15)

where the 4,’s must take on values such that the boundary conditions given by
Eq. (14) are satisfied. This type of problem has been solved previously by guessing
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values for the k;’s and integrating the resulting initial value problem numerically,
after which the calculated values of the z;’s at 7; are compared with the specified
ones in order to correct the initial guess [12, 5, 9]. The Newton—-Raphson method is
used to obtain this correction which necessitates the system to be integrated
N times with each k; slightly perturbed in turn in order to obtain the dy,/ok;’s
at each 7; . Such a procedure can be quite time consuming and is needlessly ineffi-
cient as will be now shown.

The boundary value problem can be converted to the regression problem, which
can be solved very efficiently by means of the change of variables

Y: = (z; — k)/(z0: — ki) or z; = ki + (20 — ki) Y5, i=12,..,N.
(16)
If a r; is zero, Y; is not transformed.

This transforms Eqgs. (13) and (14) into the system

& —_I_E_S'ft(Yl s Yz [XTEH YN > kl ) kz seeny kN s T)a i= 1, 25“'9 N9 (17)

dr (Zo¢
subject to the initial conditions
Y,(0) =0, i=12..N, (18)
where the k,’s are to be selected such that
Yi(r) =1, i=12,..,N. (19)

Comparing Eqgs. (17)-(19) with Egs. (1) and (2) for the regression problem,
one sees that they are equivalent by interpreting Eq. (19) as specifying the data to
be fitted. Since the regression problem calculates 8Y,;/@Y,’s during the numerical
integration, it is not necessary to repeat the integration several times with slightly
perturbed values of the k,’s. Thus, the boundary value problem can be solved more
efficiently than is currently done by converting it to a regression problem.

The authors have applied this calculational technique to the adiabatic fixed-bed
reactor problem [9]. Consider that the chemical reaction 24 — B is occurring in
an adiabatic fixed-bed reactor. The differential equations which result from a
material and energy balance for steady-state using Lee’s [9] nomenclature are

E
A A S 2 N
M dr? dt BxexP[ TY

1 &T  dT _

. (20)
Mar ~ g =~ ew [~ 7,
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subject to the boundary conditions

_ v 1 dx(0)
Xe = x(0) M dt
dx(t;)
hundd \? NN s}
dt ’
1 d1(0 @b
T, =T — 5,2
dr(t;)
—a = 0,

where x = concentration, 7 = temperature, ¢t = dimensionless reactor length
variable with respect to diameter of packing particle, t, = length of reactor,
M = Peclet number, E, = activation energy group, B = reaction rate group,
Q = heat of reaction group, and e = the condition of the reactant before entering
the reactor.

Equations (20) and (21) can be put into the form of Egs. (13) and (14) by means
of the transformations

1 dx
AT X T Ay dr e
_ i
ETM dt o
r_Ldr
=4 Ty d
, _1dr
M odr
with the result
d E.
dit‘= —B(z1 + z,)* exp [— —Zs—Jrl—ZT]
ey 1 dx _dx _dn o dy
dt — M dt  dt da 7T dr 23
dzy . . E;
G = 0B+ e [~ 2],
dzy _ _ dz

dr dt + Mz,
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subject to
7(0) = x.,
2(0) = T, 24)
zy(t) = 0,
z,(t;) = 0.

It is known that the integration of Egs. (20) and (21) leads to an inherent
instability [3]. This can be explained by noting that if the transformation according
to Eq. (16) were carried out, dY,/dt and dY,/dt in Eq. (17) would be inversely
proportional to dx(0)/dt and dT(0)/dt, respectively, which are extremely small.
It was found that this problem could be overcome by integrating backward. Thus,
let 7 = ¢ — ¢; so that Eq. (23) is only changed by the replacement of ¢ by = and
Eq. (24) becomes

z(—1t) = x,,
z(—t) =T.,
z(0) = 0,
z,(0) = 0.

(25)

Introducing the values of x and T at the end of the reactor

z(0) = ky,
z3(0) = ks,

and making the change of variables according to Eq. (16) transforms the system to

‘i{};l - ;C::—ﬁk—l [Cee — ko) Yy + ks + 2,]* exp [(Te — k) ;fii— ks + 24]’
B Mz, — (x— k) 22 06
Y

subject to the initial conditions

Yl(o) =0,
z,(0) = 0,
Y3(0) =0,

Z 4(0) = 0,
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and the data to be fitted,
Yi(—t) =1,
Ya(—tf) =1,
where
Yy = (z3 — k)/(x. — ki),
Y; = (z3 — k)/(Te — ks).

It should be noted that the original variables x and T are recovered according to
x=z+z=—k) Y1+ k + 2z,

27
T=zy+z,=(T,—ky) Y5+ k, + 2z4.

Also, it is seen from Eq. (26) that since k; and k, are the concentration and tem-
perature at the end of the reactor, no stability problem is encountered as before
because dY;/dr and dY,/dr are inversely proportional to (x, — k) and (T, — k,),
respectively.

The numerical example given by Lee [9] was worked out by this procedure. No
stability or convergence problems were encountered, and the results were in
agreement with those of Lee [9], who used a quasilinearization technique; however,
as Gidaspow [6] has pointed out, the condition of zero concentration and tem-
perature gradient at the end of the reactor was not satisfied by Lee’s solution. The
present method forces this condition to be satisfied.

The authors have also applied this technique to the solution of problems in
laminar boundary layer theory. By means of similarity transformations, the
governing set of partial differential equations can be reduced to a boundary
value problem formulation [10, 5]. Infinity is represented by a finite value of the
independent variable such that a larger value does not change the solution.

CONVERSION OF AN OPTIMUM PoLicY PROBLEM INTO A REGRESSION PROBLEM

The object of an optimum policy problem is to maximize or minimize some
quantity y which is defined in terms of an integral over the domain 0 <7 < L as

y=1 © YDy xoDsnrs XDy TeD), ToDror ToD] ll 28)

by appropriately selecting the control variables T;(/) where the x,’s are variables
specified according to the set of differential equations

% :.fl(xl y Xg 50009 XN » Tl s T2 gueey TM), I = l’ 2,.__, N’ (29)
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subject to the boundary conditions

x,(0) = xy;, i=12,.,p,

x{L) = X¢i , i=p+Lp+2.,N
The set of conditions that the 7,’s must satisfy for an optimum are obtained from
the Euler-LaGrange equations [14]:

d)\ = Bf, oY
> ox; A= ox;’

i=12..N, (30)

3=1
subject to
ML)=0, i=12..p,
MO) =0, i=p+1,p+2,.,N
and
3Y o+ z A af; 0, j—=1,2..,M. 31)

Equations (29) and (30) constitute a boundary value problem with Eq. (31)
acting as a constraint which gives an algebraic relationship between the T;’s and
the x;’s and A;’s. If each T; can be solved for explicitly in terms of the x;’s and
A;’s, they can be eliminated in Eqs. (29) and (30) to yield the type of boundary
value problem which was treated previously and shown to be reducible to a
regression problem. If this is not possible, the situation is somewhat complicated
by the fact that at each integration step, the Runge-Kutta method evaluates the
right-hand sides of Eqs. (29) and (30) for several increments of the x;’s and A;’s.
In order to compute the corresponding values of the 7’s, the nonlinear set of
algebraic equations given by Eq. (31) must be solved. Since this has to be done
several times for each step, such a procedure would be quite time consuming.
However, this problem can be overcome by expanding Eq. (31) about the values
of the T,’s for the previous step and retaining only the linear terms in the 77s.
Such an approximation should be adequate since it is not expected that the 7’s
would change greatly over each step. This linear system can then be solved ana-
lytically to give explicit expressions of the Tj’s.

One finds application of this type of problem to the determination of the optimal
temperature distribution in a reaction system [14]. Equation (29) would represent
the reaction mechanism while Y in Eq. (28) could be the amount of an inter-
mediate product to be maximized. By including boundary conditions at / = 0
and [ = L, the design of tubular reactors with or without axial dispersion can be
considered. The authors have applied this calculational method to the problem
of optimal temperature policies for enzymatic reactors subject to catalyst deacti-
vation [7].

581/18/3-8
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ESTIMATION OF UNCERTAINTIES IN THE PARAMETERS

It is possible to estimate the uncertainties in the parameters following
Bevington [2]. The general comments given in [8] are also of interest. Each para-
meter k, can be considered as a function of the data points Y;2(r;) = Y7 which are
random variables so that the k;’s are also random variables.

kh = [:h(Yﬁ LERR] YﬁND)' (32)

Expanding Eq. (32) about the expected values of the ¥})’s and retaining terms no
higher than first order gives

b~ Brir, X 3 (), 05— 72, ()

where the bar denotes and expected value. 1t is assumed that the expected value of
k, is approximately equal to F; |p, . Then

(kn — kaXk, — k)

NNo NNp . pF oF, o _
= 5 3 (gym), (Fps), V5~ VBX¥R. — T2 (39)
4,2 m,n ¥} i mn mn

Operating on Eq. (34) with the expectation

E{(kn — kn)k, — k)

N.Np NNp  oE oF,
= cov(ky , k,) = Z )3 (6Y’.’3)y (3YD
i.i m.n 4 me

)? cov(YZ, Y2). (3%

mn

Since it is not expected that there is a correlation between the measurement errors
of any two different data points, the covariance of any two different points is zero
while that for the same point is the variance Var(Y}). Thus, in Eq. (35) only the
terms in which 7, j equals m, n are nonzero, and Eq. 35 becomes

Np N OF, oF,
coviky , k,;) = " var(YD). (36
" ;Zl(ayv)(ayv) )
For the case where 4 = r, one obtains
Np N . oF
var(ky) = 3, Z (—5),%) var(Y3). 37N



REGRESSION, OPTIMAL POLICY, AND BVP

In order to evaluate F;, , Eq. (11) is used in matrix form

B=Adkdo
and is solved for 4k:
dk = ()™ = B¢,

where ¢’ is the inverse of o or
M
0
kn=k'+ Y Biens,
i=1

where €' is inverse matrix of o'.

337

(38)

For convenience, 8; and aj,; are written in the following form, with wy;=1/var(¥?).

Z Z var(YD) (Ytnf — Yy 1) Xal7s),

j=1 i=1

Xpp = Z Z var(Y”) Xin75) XaoT5),

j=1 i=1
where
oY,
Xn == —6_,(-; .
Since
M
F, = kho + Z ﬁze;u P
=1
then

Fn _ v 9B, 1 ,
aYg - JZ 6YD €t = Z Var(yg) Xil(Tj) € -

Substituting Eq. (39) into (36) gives

M

covik, , k) = Z Z var( Y2 €r1€rmX12(73) Xim(T5)

j=1 i=1 l,m=1

= Z €x1€rm E g Var(YD) il(Ti) Xz'm(TJ')

t,m=1

M
= Z €R1€rm&m = Z €rm Z €n1lym
l,m=1
M

== Z E1'1r18hm = €pp T €Epy,
m=1

(39)

(40)
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where §,,, is the Kronecker delta. Also
Var(kh) = €pp - (41)

Thus, the variance of the parameters is given by the diagonal terms of the inverse
matrix of « while the other terms give the covariance of any two parameters.
For this reason, the system of simultaneous linear equations as given by Eq. (11)
is solved by matrix inversion.

The significance of the variance is well known in that it gives a measure of the
possible error in the parameters; however, that of the covariance requires some
explanation. By using the correlation coefficient defined as

= [covik; , kpYlvar(k,) var(k)}'/2, 42)

where r;; = 1, information can be obtained regarding whether a given parameter
belongs in the model. The value of r;; ranges from zero when there is no correlation
to +1 when there is complete linear correlation. Since according to Eq. (11),
each iteration attempts to fit the data to a linear function of the parameters, each
correlation coefficient should ideally be unity if all the parameters belong in the
model; however, in practice, values less than unity are obtained so that the corre-
lation coefficient cannot be used directly.

Nevertheless, an indication of the degree of correlation between any two param-
eters can be obtained by comparing the probability distribution of k; and k;
with one in which k; and k; are uncorrelated or r; = 0. Such a distribution is a
two-dimensional normat distribution in k, and k; . Tables are available which give
the probability that a random sample with v degrees of freedom obtained from an
uncorrelated population yields a value of | r,; | as large or larger than some given
value of r,; [2]. Using the calculated values of r;; and v = NN, — M, one obtains
the probability that the observed value of r; could have been obtained from a
population in which k; and k; are uncorrelated. A small value of this probability
implies that k; and k; are correlated and belong in the model.

In order to characterize the overall goodness of fit of the model to the data, the
chi-square test may be used [2]. This is justified if the covariance of any two data
points is zero, which as indicated before is a reasonable assumption. The reduced
chi-square statistic y,? is defined as

= % g P Var(yp) (Y5 — YT (43)

where v = NN, — M and Y,; is the value as predicted from the model. The
variance of the data o? is

ot = [NND 2 Z var(YD)] “4)

j=1 i=1
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and an estimate of the variance of the fit $% is

1 Np N D 2 1
b 2, ) var(YD)[Y” — Yl g/[NND Z Z var(YD)] )

j=1 i=1 j=1 i=1

Thus,
Xt = S%o®. (46)

Since S? depends on the accuracy of both the data and the fit while ¢® depends
only on that of the data, x,2 should be near unity if the model is appropriate.
The probability distribution of y,2 is tabulated and gives the probability that the
correct model would yield a value of y,? as large or larger than the calculated
value. Since x.2 = 1 gives a probability of 0.5, the model is appropriate if this
probability is near 0.5.

In cases where the uncertainties in the data are not known or cannot be estimated,
they can be approximated from

1 Np N 5 .
o? ~ NND — M Z Z (Yij - Yii) ’ (47)
j=1 i=1

which is S? or y,? with all the var(Y}})’s set equal. From Egs. (40) and (41) it is seen
that

coviky , k,) == S, [var(Ye) = 1], (48)
var(k,) == Sepp[var(Y9) = 1], (49)

where €, [var(Y5) = 1] is the inverse matrix of « evaluated with var(Y}) = 1.
It should be noted that x,? has no meaning in this case since it is identically unity.

The authors have utilized these statistical calculations as an aid in the deter-
mination of chemical reaction mechanisms from experimental concentration data.
The correct mechanism is characterized by (1) a value of x,? near unity, (2) standard
deviations of the regressed rate constants smaller than the constants themselves,
and (3) correlation coefficients which give probabilities that all the rate constants
belong in the mechanism. For an incorrect mechanism, one can deduce from the
statistical analysis what portions of the mechanism are in error and need improve-
ment. Cases have also been solved where data are not available for every species
in the mechanism.

CoMPUTER PROGRAM

A computer program whose flow chart is shown in Fig. 1 was prepared in
FORTRAN to carry out the operations previously described. It can be constructed
easily by combining available library subroutines. The differential equations are
integrated by means of an IBM subroutine which uses Gill’s modification of the
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Runge-Kutta method. A convenient feature of this routine is that it changes the
step size as it proceeds so that neither too large nor too small a step size is used in
order to assure an accurate and as rapid a solution as possible. This subroutine
was also modified to perform simultaneously the integration required to evaluate
the 0Y;/ok’s. The iterative process of improving the initial guess of the parameters
according to Marquardt’s algorithm was carried out by modifying a set of sub-
routines given by Bevington [2] which makes a least-squares fit to a nonlinear
function and performs a statistical analysis of the regreasion. The total program
is implemented by a driver routine which reads in the initial conditions, the initial
guess of the parameters, and the data to be fitted as well as produces the resulting
output in both tabular and graphical form and by a subroutine which lists the
set of differential equations.

The program is quite efficient in that it has never required a computation time
greater than one minute on a UNIVAC 1108. It has run for cases where the initial
guesses were off by as much as a factor of 100 and up to eight parameters and
fifteen equations.

Read in set
of differential eq's,
initial conditions,
a guess of the
parameters, data, X

1

Increase integrate differential
A and use equations and
previous compute
estimates 8Yi

3k

Solve simultaneous
linear algebraic eq's
by matrix inversion
to obtain new values
of parameters

Did s
decrease ?

Are
parameters
accurate

enough?

Print solution
and statistics

Fic. 1. Flow chart for computer program.

Treat improved
parameters as
initial guessas

Decreose
A\
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